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On 3-dimensional foliated dynamical systems
and Hilbert type reciprocity law
Junhyeong Kim, Masanori Morishita, Takeo Noda and Yuji Terashima
Dedicated to Professor Christopher Deninger
Abstract: We show some fundamental results concerning 3-dimensional foliated
dynamical systems (FDS3 for short) introduced by Deninger. Firstly, we give a de-
composition theorem for an FDS3, which yields a classification of FDS3’s. Secondly,
for each type of the classification, we construct concrete examples of FDS3’s. Fi-
nally, by using the integration theory for smooth Deligne cohomology, we introduce
geometric analogues of local symbols and show a Hilbert type reciprocity law for an
FDS3. Our results answer the question posed by Deninger.
Introduction
In his monumental works (cf. [D1] ∼ [D7]), Deninger considered the notion
of a foliated dynamical system, namely, a smooth manifold equipped with 1-
codimensional foliation and transverse flow satisfying certain conditions, as a
geometric analogue of an arithmetic scheme (see also [Ko1], [Ko2]). In partic-
ular, 3-dimensional foliated dynamical systems may be regarded as analogues
of arithmetic curves, where closed orbits (knots) correspond to closed points
(finite primes). The purpose of this paper is to study some fundamental ques-
tions concerning 3-dimensional foliated dynamical systems. Let us describe
our main results in the following.
Let S = (M,F , φ) be a 3-dimensional foliated dynamical system, called an
FDS3 for short. Namely, M is a connected, closed smooth 3-manifold, F is a
complex foliation by Riemann surfaces on M , φ is a smooth dynamical system
on M . These data must satisfy the conditions: there is a set of finitely many
compact leaves P∞
S
= {L∞1 , . . . , L∞r }, which may be empty, such that for any
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i and t we have φt(L∞i ) = L
∞
i and that any orbit of φ is transverse to leaves
in M0 := M \ ∪ri=1L∞i , and φt maps any leaf to a leaf for each t (cf. Definition
1.5 below). Let PS be the set of closed orbits in M0 and let PS = PS ∪ P∞S .
Note that P∞
S
(resp. PS) may be regarded as an analogue of the set of infinite
(resp. finite) primes of a global field.
@1) Our first result concerns the structure of an FDS3. We show a decomposi-
tion theorem for an FDS3, which asserts that if M is cut along non-transverse
compact leaves L∞i ’s, each connected component enjoys a well-described struc-
ture of a foliated 3-manifold (cf. Theorem 2.2.2 below). This yields a classifica-
tion of FDS3’s according to the sets of transverse and non-transverse compact
leaves (cf. Corollary 2.2.4). Our decomposition theorem may remind us of the
JSJ decomposition of a 3-manifold ([JS], [Jo]).
@2) Our second result is to construct concrete examples of FDS3’s. Before
our work, all known examples of FDS3 in the literature were only a closed
surface bundle over S1 with the bundle foliation and the suspension flow and
Alvarez-Lopez’s example ([D7; page 10]). In this paper, we construct concrete
examples of FDS3’s for each type of our classification. Furthermore, we show
that any closed smooth 3-manifold admits a structure of an FDS3, by using an
open book decomposition, which is a peculiar property for the 3-dimensional
case (cf. Example 3.III-1.2 below). In view of the analogy with an arithmetic
curve which has countably infinitely many finite primes, we give examples of
FDS3’s such that PS is a countably infinite set.
@3) Our third result concerns the question, which was posed by Deninger, on
finding out analogies for an FDS3 of the Hilbert symbol and the reciprocity
law in class field theory for a global field ([AT; Chapter 12]). For FDS3-
meromorphic functions f and g, we introduce the local symbol 〈f, g〉γ along
γ ∈ PS and show the reciprocity law∑
γ∈PS
〈f, g〉γ = 0 mod (2π
√−1)3ΛS,
where ΛS is the period group of S (cf. Theorem 5.2.1 below). For this, we
employ the theory of smooth Deligne cohomology groups and the integration
theory of Deligne cohomology classes, which were studied by Brylinski ([Br],
[BM]) and by Gawedzki ([Ga]) and Gomi-Terashima ([GT], [Te]). For γ ∈ PS,
we give an explicit integral formula for the local symbol 〈f, g〉γ (cf. Theorem
5.1.2). Our method may be regarded as a generalization to an FDS3 of Deligne,
Bloch and Beilinson’s interpretation of the tame symbol on a Riemann surface
using the holomorphic Deligne cohomology ([Be], [Bl], [Dl]). Our result is also
a generalization of Stelzig’s work on the case of closed surface bundles over S1
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([St]).
We note that our third result may indicate the possibility to develop an
ide`lic theory for FDS3’s. For this line of study, we mention the recent works
by Niibo and Ueki ([NU]) and by Mihara ([Mi]) on ide`lic class field theory for
3-manifolds in arithmetic topology. In fact, our original desire was to refine
and deepen the analogies between knots and primes, 3-manifolds and number
rings in arithmetic topology ([Mo]), in the context of FDS3’s.
Here are the contents of this paper. In the section 1, we introduce a 3-
dimensional foliated dynamical system (FDS3) and some basic notions. In
Section 2, we show a decomposition theorem for an FDS3, which yields a clas-
sification of FDS3’s. In the section 3, for each type of the classification, we
construct concrete examples of FDS3’s. In the section 4, we recall the the-
ory of smooth Deligne cohomology for an FDS3 and the integration theory of
Deligne cohomology classes. In the section 5, we introduce local symbols of
FDS3-meromorphic functions along a closed orbit or along a non-transverse
compact leaf, and show a Hilbert type reciprocity law.
1. 3-dimensional foliated dynamical systems
In this section, following Deninger and Kopei ([D1]∼[D7], [Ko1],[Ko2]), we
introduce the notion of a 3-dimensional foliated dynamical system, called an
FDS3 for short, and prepare some basic notions and properties. Although a
foliated dynamical system can be introduced in any odd dimension, we con-
sider only the 3-dimensional case in this paper, since we are concerned with
analogies with arithmetic curves. For general materials in foliation theory, we
refer to [CC] and [Ta].
We begin to recall the notion of a complex foliation by Riemann surfaces
(cf. [Gh]).
Definition 1.1. Let M be a smooth 3-manifold whose boundary ∂M may
be non-empty. A 2-dimentional smooth foliation F on M is defined by a
family of immersed 2-dimensional manifolds {La}a∈A satisfying the following
conditions:
(1) M = ⊔a∈ALa (disjoint union).
(2) there is a system of foliated local coordinates (Ui;ϕi)i∈I , where Ui is a
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foliated open subset of M and ϕi : Ui
≈→ ϕi(Ui) ⊂ R2 × R≥0 is a dif-
feomorphism (R≥0 := {t ∈ R|t ≥ 0}) such that if Ui ∩ La is non-empty,
ϕi(Ui ∩ La) = Int(D)× {ca}, where Int(D) is the interior of a 2-disc D ⊂ R2
and ca ∈ R≥0.
Here each La is called a leaf of the foliation F . We call the pair (M,F) simply
a foliated 3-manifold.
We call a foliation F on M a complex foliation by Riemann surfaces and
the pair (M,F) a foliated 3-manifold by Riemann surfaces if we require further
the following conditions:
(3) each leaf La is a Riemann surface, namely, La has a complex structure.
(4) the above condition (2) with replacing R2 (leaf coordinate) by C.
(5) (ϕj ◦ϕ−1i )(z, t) = (fij(z, t), gij(t)) for (z, x) ∈ ϕi(Ui∩Uj) ⊂ C×R≥0, where
fij is holomorphic in z and gij is independent of z.
Remark 1.2. (1) By Frobenius’ theorem, the following notions are equiv-
alent if M is closed (cf. [CC; 1.3], [Ta; § 28]):
· 2-dimensional smooth foliation on M ,
· 2-plane field distribution E (rank 2 subbundle of the tangent bundle TM)
which is involutive,
· 2-plane field distribution E which is completely integrable.
(2) If the tangent bundle to a 2-dimensional smooth foliation F is orientable, F
admits a structure of a complex foliation (cf. [HM; Remark 1.2], [Hu; Lemma
A.3.1]). In fact, each orientable 2-dimensional leaf is equipped with a Rie-
mannian metric and a smooth almost complex structure. By the parametrized
Newlander-Nirenberg’s theorem ([NN]), it follows that there is a system of
complex foliated local coordinate as in the conditions (4) and (5) in Definition
1.1.
Definition 1.3. For foliated 3-manifolds (M,F) and (M ′,F ′), a morphism
(M,F) → (M ′,F ′) is defined to be a smooth map f : M → M ′ such that
f maps any leaf L of F into a leaf L′ of F ′. When (M,F) and (M ′,F ′) are
foliated 3-manifolds by Riemann surfaces, we require further f |L : L → L′ to
be holomorphic for any leaf L of F . In terms of local coordinates, this is equiv-
alent to saying that for any p ∈ M , there are foliated local coordinates (U, ϕ)
and (U ′, ϕ′) around p and f(p), respectively, such that (ϕ′ ◦ f |U ◦ ϕ−1)(z, t) =
(f t(z), t), where f t(z) is holomorphic for fixed t.
An isomorphism (M,F) ∼→ (M ′,F ′) of foliated 3-manifolds (resp. foliated
3-manifolds by Riemann surfaces) is a diffeomorphism f : M → M ′ such that
f |L : L → L′ is diffeomorphic (resp. biholomorphic) for any leaf L of F . We
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identify (M,F) with (M ′,F ′) if there is an isomorphism between them.
Definition 1.4. A smooth dynamical system (or smooth flow) on M is de-
fined by a smooth action φ of R on M , namely, a smooth map φ : R×M →M
such that φt := φ(t, · ) is a diffeomorphism of M for each t ∈ R which satisfies
φ0 = idM , φ
t+t′ = φt ◦ φt′ for any t, t′ ∈ R.
Now we introduce the main object in this paper (cf. [Ko2]).
Definition 1.5. We define a 3-dimensional foliated dynamical system by a
triple S = (M,F , φ), where
(1) M is a connected, closed smooth 3-manifold,
(2) F is a complex foliation by Riemann surfaces on M ,
(3) φ is a smooth dynamical system on M ,
and these data must satisfy the following conditions (i), (ii):
(i) there are finite number of compact leaves L∞1 , . . . , L
∞
r , which may be empty,
such that for any i and t we have φt(L∞i ) = L
∞
i and that any orbit of the flow
φ is transverse to leaves in M \ ∪ri=1L∞i .
(ii) for each t ∈ R the diffeomorphism φt of M maps any leaf to a leaf.
In this paper, a 3-dimensional foliated dynamical system is called an FDS3 for
short.
Throughout this paper, we shall use the following notations. For an FDS3
S = (M,F , φ), we set
(1.6)
F c := the set of all compact leaves.
P∞
S
:= the set of non-transverse compact leaves
= {L∞1 , . . . , L∞r } (this set may be empty).
L∞ := ∪ri=1L∞i .
M0 :=M \ L∞.
PS := the set of closed orbits of the flow φ which are transverse
to leaves in M0.
PS := PS ⊔ P∞S .
Remark 1.7. As Deninger and Kopei suggested (cf. [D1] ∼ [D6], [Ko1],
[Ko2]), an FDS3 S = (M,F , φ) may be regarded as a geometric analogue of
a compact arithmetic curve, namely, a smooth proper algebraic curve over a
finite field or Spec(Ok) = Spec(Ok)∪P∞k for the ring Ok of integers of a num-
ber field k, where P∞k is the set of infinite primes of k. The set PS corresponds
to the set of closed points (finite primes) of C or Spec(Ok). When P∞S is
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non-empty, it corresponds to P∞k . So the analogy is closer if PS is a countably
infinite set. We give such examples in the section 3.
Definition 1.8. Let S = (M,F , φ) and S′ = (M ′,F ′, φ′) be FDS3’s. An
FDS3-morphism S → S′ is defined by a morphism of foliated 3-manifolds by
Riemann surfaces (cf. Definition 1.3) such that f : M → M ′ commutes with
the flows, namely, f ◦ φt = φ′t ◦ f for any t ∈ R.
An FDS3-isomorphism S
∼→ S′ is an FDS3-morphism which is an isomor-
phism of foliated 3-manifolds by Riemann surfaces. We identify S with S′ if
there is an FDS3-isomorphism between them.
Definition 1.9. Let S = (M,F , φ) be an FDS3. An FDS3-meromorphic
function on S is defined to be a smooth map f : M0 → P1(C) = C ∪ {∞}
satisfying the following conditions:
(1) f restricted to any leaf is a meromorphic function,
(2) the zeros and poles of f lie along finitely many closed orbits.
For an FDS3 S = (M,F , φ), let TF denote the subbundle of the tangent
bundle TM0 whose total space is the union of the tangent spaces of leaves,
and let φ˙t = d
dt
φt be the vector field on M0 which generates the flow φ.
Lemma 1.10. For an FDS3 S = (M,F , φ), there is the unique closed smooth
1-form ω on M0 satisfying
(C) ω|TF = 0, ω(φ˙t) = 1.
More precisely, let (M,F , φ) be a triple satisfying (1), (2), (3) and (i) in Def-
inition 1.5. Then there is the unique smooth 1-form ω on M0 satisfying (C),
and the condition (ii) is equivalent to that ω is closed.
Proof. Let (M,F , φ) be a triple satisfying (1), (2), (3) and (i) in Definition 1.5.
Then we can take a smooth 1-form ω on M0 such that for each foliated coordi-
nate (z, t) ∈ U , ω|U = h(z, t)dt. Writing φ˙t = a(z, t)∂z+b(z, t)∂z+c(z, t)∂t, we
have ω(φ˙t) = c(z, t)h(z, t) and so h(z, t) is uniquely determined by ω(φ˙t) = 1.
This yields the first assertion.
Now, assume the condition (ii). For each point p ∈ M0, there is a foliated
local coordinate (z, t) ∈ U such that φs(z, t) = (z, t + s). So there is a system
of foliated local coordinates (Ui;ϕi)i∈I of M0 such that if Ui ∩Uj is not empty,
(ϕj ◦ϕ−1i )(zi, ti) = (fij(z, t), t+cij) for some constant cij ∈ R. Hence ω|Ui = dti
and so ω is closed.
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Conversely, assume that dω = 0. We may take each Ui is simply connected
so that ω|Ui = dti by Poincare´’s Lemma. Then we can follow the above argu-
ment in the reverse way to obtain the condition (ii). 
Definition 1.11. Let S = (M,F , φ) be an FDS3. We call the smooth closed
1-form in Lemma 1.10 the canonical 1-form of S and denote it by ωS. The de
Rham cohomology class of ωS defines the period homomorphism
[ωS] : H1(M0;Z) −→ R; [ℓ] 7→
∫
ℓ
ωS,
and the period group of S is defined by the image of [ωS], which we denote by
ΛS.
The following lemma will be used in the examples of the section 3.
Lemma 1.12. Let S1 = (M,F , φ1) and S2 = (M,F , φ2) be FDS3’s. Then
we have ωS1 = ωS2 if and only if (φ˙
t
1 − φ˙t2)p ∈ TpF for any p ∈M0.
Proof. Since ωSi |TF = 0, ωSi(φ˙ti) = 1 for i = 1, 2, we have
(φ˙t1 − φ˙t2)p ∈ TpF for any p ∈M0 ⇔ ωS1(φ˙t1 − φ˙t2) = 0
⇔ ωS1(φ˙t2) = ωS1(φ˙t1) = 1
⇔ ωS1|TF = 0, ωS1(φ˙t2) = 1
⇔ ωS2 = ωS1. 
2. A decomposition theorem and a classification of FDS3’s
In this section, we give a decomposition theorem for an FDS3, which yields
a classification of FDS3’s. We start with some preparations about the holon-
omy of a leaf and Tischler’s theorem.
2.1. Foliations without holonomy and Tischler’s theorem. First, we
recall the notion of the holonomy group of a leaf (cf. [CC; 2.2, 2.3], [Ta; §22]).
Let (M,F) be a foliated 3-manifold and let L be a leaf of F . Choose p ∈ L and
let [c] ∈ π1(L, p) be represented by a loop c : [0, 1] → L with c(0) = c(1) = p.
We may choose a subdivision 0 = t0 < t1 < · · · < tm+1 = 1 and a chain of
foliated charts (U0;ϕ0), . . . , (Um;ϕm) such that c([ti, ti+1]) ⊂ Ui for 0 ≤ i ≤ m.
Then we have
(ϕi+1 ◦ ϕ−1i )(z, t) = (fi,i+1(z, t), gi,i+1(t))
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for some smooth functions fi,i+1, gi,i+1. We set
hc := gm−1,m ◦ · · · ◦ g0,1,
which is a local homeomorphism of R fixing 0. Let G be the group of germs of
local homeomorphisms of R fixing 0 and let ĥc ∈ G be the germ of hc. The the
correspondence [c] 7→ ĥc gives a well-defined homomorphism Ψ : π1(L, p)→ G.
The holonomy group H(L) of L is defined by the image of Ψ, which is indepen-
dent, up to conjugation, of all choices. A foliated 3-manifold (M,F) is said to
be without holonomy if the holonomy group H(L) is trivial for any leaf L of
F .
The next theorem, due to Candel and Conlon, is an important ingredient
for our decomposition theorem given in the following subsection 2.2. For the
proof, we refer to [CC; 9.1]. For a foliated 3-manifold (M,F), a subset X of
M is said to be F-saturated if X is a union of leaves of F .
Theorem 2.1.1 ([CC; Theorem 9.1.4]). Let (M,F) be a foliated 3-manifold
with M being closed. Let X be a connected F-saturated open subset of M .
Assume that the foliated 3-manifold (X,F|X) is without holonomy. Then one
of the followings holds.
(1) X is a surface bundle over S1 or an open interval, and F|X is the bundle
foliation.
(2) Each leaf of F|X is dense in X.
Next, we recall Tischler’s theorem ([Ti]) and its generalization ([CtC]).
Theorem 2.1.2 ([Ti; Theorem 1]), [CtC; Theorem 2.1]). Let (M,F) be a
foliated 3-manifold with M being closed. Let X be an F-saturated open set of
M . Assume that there is a non-vanishing, closed 1-form ω on X such that
Ker(ω) defines F|X. Then X is a surface bundle over S1.
Remark 2.1.3. A non-vanishing, closed 1-form assumed in Theorem 2.1.2 is
approximated (in the C∞-topology) by the 1-form ̟∗(dθ), where ̟ : U → S1
is the fibration and dθ is an angular 1-form on S1 (cf. ibid).
2.2. A decomposition theorem. Let S = (M,F , φ) be an FDS3. Let
X1, . . . , Xd be connected components of M0 := M \ L∞. Each (Xa,F|Xa) is a
foliated 3-manifold for 1 ≤ a ≤ d.
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Lemma 2.2.1. The foliated 3-manifold (Xa,F|Xa) is without holonomy.
Proof. Let L be any leaf of F|Xa. Since φt maps any leaf to a leaf, there
is a system foliated charts {(Ui;ϕi)} which covers L and satisfies
ϕi(φ
t(p)) = (zi(p), t)
for any p ∈ L. Therefore, if Ui ∩ Uj is non-empty, we have
(ϕi ◦ ϕ−1j )(zj , t) = (zi(ϕ−1j (zj , t)), t)
and so the holonomy group H(L) is trivial. Hence (Xa,F|Xa) is without holon-
omy. 
Theorem 2.2.2 (A decomposition theorem). Let S = (M,F , φ) be an FDS3
and let Xa be a connected component of M0 := M\L∞. The foliated 3-manifold
(Xa,F|Xa) is one of the followings.
(1) Xa is a surface bundle over S
1 or an open interval, and F|Xa is the bundle
foliation.
(2) Xa is a surface-bundle over S
1 and any leaf in F|Xa is dense in Xa.
Proof. By Definition 1.5 of an FDS3, Xa is a connected F -saturated open
subset of M . By Theorem 2.1.1, (1) Xa is a surface bundle over S
1 or an open
interval, and F|X is the bundle foliation, or (2) each leaf of F|X is dense in X .
For the case (2), X is a surface bundle over S1 by Lemma 1.10 and Theorem
2.1.2. 
Remark 2.2.3. For an FDS3 S = (M,F , φ), if M is cut along L∞, then
M0 is decomposed into connected components M0 = X1 ⊔ · · · ⊔ Xd, where
each foliated 3-manifold (Xa,F|Xa) has the structure described in Theorem
2.2.2 and the flow φ|Xa is transverse to leaves of F|Xa . This is the reason that
we call Theorem 2.2.2 a decomposition theorem. It may remind us of the JSJ
decomposition of a 3-manifold ([JS], [Jo]).
Theorem 2.2.2 can be restated as the following classification of FDS3’s. For
the notations, see (1.6).
Corollary 2.2.4 (A classification). An FDS3 S = (M,F , φ) is classed as
one of the following types:
I. F = F c and P∞
S
is empty.
@Then M is a surface bundle over S1 and F is the bundle foliation.
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II. F c is empty.
@Then M is a surface bundle over S1 and any leaf of F is dense in M .
III. P∞
S
is a non-empty (finite) set. Let Xa be a connected component of M0.
@Then the foliated 3-manifold (Xa,F|Xa) is one of the followings.
III-1. Xa is a surface bundle over S
1 and F|Xa is the bundle foliation.
III-2. Xa is a surface bundle over an open interval and F|Xa is the bundle
foliation.
III-3. Xa is a surface-bundle over S
1 and any leaf in F|Xa is dense in Xa.
We note that the class of FDS3’s of bundle foliation over S1 is character-
ized by the period group. Although this may be known (cf. [CCI; 9.3], [Fa;
2.1]), we give a proof in the following, for the sake of readers.
Proposition 2.2.5. Let S be an FDS3. If S is of type I or of type III-1,
then the period group ΛS = Z. Conversely, if the ΛS has rank one (namely,
ΛS ≃ Z) and M0 is connected, then S is of type I or of type III-1.
Proof. Suppose that S = (M,F , φ) is an FDS3 of type I or of type III-1. Then,
for any connected component Xa of M0, there is a fibration ̟a : Xa → S1.
Let dθ be the angular 1-form on S1 such that
∫
S1
dθ = 1. Then the canonical
1-form ωS is given by ωS|Xa = ̟∗a(dθ) for any a. For [ℓ] ∈ H1(Xa;Z), we have
[ωS]([ℓ]) =
∫
(̟a)∗(ℓ)
dθ = the degree of ̟∗(ℓ) on S
1
for any a and hence ΛS = Z. Conversely, suppose that S = (M,F , φ) is
an FDS3 with M0 being connected and ΛS = λZ for some λ ∈ R× so that
[ωS](H1(M0;Z)) = λZ. Fix a base point p0 ∈ M0 and define the map ̟ :
M0 → S1 by
̟(p) := exp
(
2πi
λ
∫
γ
ωS
)
,
where γ is a path from p0 to p. Then we see easily that λ̟
∗(dθ) = ωS. By
Definition 1.11 of ωS, ̟ is a fibration and F consists of fibers of ϕ. Hence S
is of type I or of type III-1. 
Finally we note that an FDS3 of type III-2 has no transverse closed orbits.
Proposition 2.2.6. Let S = (M,F , φ) be an FDS3 of type III-2. Then
PS is empty and ΛS = {0}.
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Proof. Let Xa be a connected component of M0. We may identify (Xa,F|Xa)
with (L × (0, 1), {L × {t}}t∈(0,1)), where L ∈ F|Xa. Let ̟ : Xa → (0, 1) be
the projection. For any closed curve ℓ : S1 → Xa, ̟ ◦ ℓ : S1 → (0, 1) has the
maximum µ and so ℓ is not transverse to the leaf L×{µ}. Hence PS is empty.
Next, since Xa is homotopy equivalent to the leaf L×{12}, ℓ is homotopic to a
closed curve ℓ′ in L×{1
2
}. Since ωS|TF = 0, we have [ωS]([ℓ]) = [ωS]([ℓ′]) = 0.
Hence ΛS = {0}. 
3. Examples of FDS3’s
In this section, we construct concrete examples of FDS3’s for each type in
Corollary 2.2.4.
I. We give an example of an FDS3 of type I. Note that any smooth surface
bundle over S1 is obtained by the mapping torus of a surface diffeomorphism.
Example 3.I (Mapping torus and pseudo-Anosov flow). Let Σg be a con-
nected, closed smooth surface of genus g ≥ 1 and let ϕ be a diffeomorphism of
Σg. Let M be the mapping torus M(Σg, ϕ) defined by
M(Σg, ϕ) := (Σg × [0, 1])/(z, 1) ∼ (ϕ(z), 0).
Then the projection
̟ : M → S1 = R/Z; ̟([z, s]) = s (mod Z)
is a fibration, where each fiber ̟−1(θ) over θ ∈ S1 is diffeomorphic to Σg. The
set of fibers F := {̟−1(θ)}θ∈S1 defines a 2-dimensional foliation, the bundle
foliation. Since TF is orientable, F admits a complex foliation structure (cf.
Remark 1.2 (2)). Let φ be the suspension flow defined by
φt([z, s]) := [z, s + t].
Then S := (M,F , φ) forms an FDS3. Suppose further that the diffeomor-
phism ϕ is of pseudo-Anosov type (cf. [Cl; 1.11]). Note that ϕ is an Anosov
diffeomorphism when Σg is a torus. Then, since ϕ has countably infinite peri-
odic points, PS is a countably infinite set. By Proposition 2.2.5, the canonical
1-form ωS is ̟
∗(dθ) and the period group ΛS = Z.
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Remark 3.1. An FDS3 of type I may be regarded as an analogue of a smooth
proper algebraic curve C over a finite field Fq, where the 2-dimensional foliation
corresponds to the geometric fiber C ⊗ Fq and the monodromy ϕ corresponds
to the Frobenius automorphism in Gal(Fq/Fq).
II. We construct two examples of FDS3’s of type II. First, we give a method
to construct countably infinitely many closed orbits using the horseshoe map.
Let S = (M,F , φ) be an FDS3 and γ ∈ PS. We say that the flow φ is of
contraction type around γ if there is a tubular neighborhood V = D×S1 of γ,
where D(⊂ C) is a 2-disc centered at 0 and γ = {0} × S1, such that for any
t ∈ R and p ∈ γ, φt(V ) ⊂ V and
φtD,p := φ
t|D×{p} : D = D × {p} φ
t−→ φt(D)× {φt(p)} ⊂ D
is a contraction map, namely, Tz(φ
t
D,p) has the eigenvalues λ1, λ2 satisfying
0 < |λ1|, |λ2| < 1 for z ∈ Int(D) \ {0}. Let h : Int(D)→ Int(D) be the horse-
shoe diffeomorphism ([Sm]) and let U = M(Int(D), h) be the mapping torus of
h equipped with the suspension flow φh. Note that there is a diffeomorphism
ψ : U
≈→ Int(V ).
Lemma 3.2. Notations being as above, let us replace (Int(V ), φ|Int(V )) by
(U, φh) via ψ so that the resulting 3-manifold Mγ,h is equipped with a new
smooth flow φγ,h satisfying φγ,h = φh in U and φγ,h = φ in M \ Int(V ). We
define the foliation Fγ,h on Mγ,h by the foliation F on M via ψ. Then the
triple Sγ,h := (Mγ,h,F , φγ,h) forms an FDS3 and the flow φγ,h has countably
infinitely many closed orbits around γ. Moreover, the canonical forms of S
and Sγ,h are same, ωS = ωSγ,h.
Proof. That (Mγ,h,Fγ,h, φγ,h) forms an FDS3 is easily seen by the construc-
tion. The latter property follows from that the horseshoe map has count-
ably infinitely many periodic points ([KH; Cororally 2.5.1]). For any p ∈ γ,
we may assume, by the change of parameters, that there is t0 > 0 such
that φt0 |Int(D)×{p} : Int(D) × {p} → φt0(Int(D)) × {p} and φt0h |Int(D)×{p} :
Int(D) × {p} → φt0h (Int(D)) × {p} are first return diffeomorphisms. Since
these are isotopic and an isotopy is realized as a flow in Int(V ), we see that
the canonical 1-forms are unchanged. 
Example 3.II.1. The following example of a foliated 3-manifold was con-
sidered in [Cl; 4.2] and [Hu; A.5] (see also Alvarez-Lopez’s example in [D7;
page 10]). Let T 2 be the 2-dimensional torus C/Z2 so that the fundamental
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group π1(T
2) is generated by the homotopy classes of a meridian and a longi-
tude, say m and l, respectively. Let ρ : π1(T
2)→ R be a given homomorphism
such that ρ(m) /∈ Q or ρ(l) /∈ Q, and we set ρ(g) := ρ(g) mod Z ∈ S1 for
g ∈ π1(T 2). Let M be the quotient 3-manifold of C × S1 by the action of
π1(T
2)
M := (C× S1)/π1(T 2),
where π1(T
2) acts on the universal cover C of T 2 as the monodromy and on
S1 by θ 7→ θ + ρ(g) for θ ∈ S1 and g ∈ π1(T 2). Let Lθ denote the image in M
of C× {θ} in M . Then F := {Lθ}θ∈S1 forms a 2-dimensional foliation on M .
Here we see that
Lθ =
{
S1 × R if ρ(m) /∈ Q, ρ(l) ∈ Q or ρ(m) ∈ Q, ρ(l) /∈ Q,
R2 if ρ(m), ρ(l) /∈ Q and ρ(m)/ρ(l) /∈ Q,
and that any leaf Lθ is dense inM . Since TF is orientable, F admits a complex
foliation structure (Remark 1.2 (2)). Let φ1 be the flow defined by
φt1([z, θ]) := [z, θ + t]
where t := t mod Z. Then we obtain an FDS3 S1 := (M,F , φ1) of type II.
The canonical 1-form ωS1 is given by ωS1 |TF = 0 and ωS1 |TS1 = dθ, and the
period group ΛS1 = Z+ ρ(m)Z+ ρ(l)Z. For this example, however, any orbit
of the flow φ1 is closed with period 1 and hence PS is uncountable.
In order to obtain an FDS3 S with countably infinite PS, we interpret the
above (M,F) from a different view and define a new dynamical system. In
fact, the natural map C× S1 → T 2 × S1 induces the diffeomorphism
M
≈−→ T 3 = (R/Z)3.
Then the leaf Lθ is given by
Lθ := {(θ1, θ2, θ − ρ(m)θ1 − ρ(l)θ2) | θ1, θ2 ∈ S1}
for p = (θ1, θ2, θ3) ∈ T 3. Let Vm := (1, 0,−ρ(m)), Vl := (0, 1,−ρ(l)) be vector
fields on T 3, and we define the smooth dynamical system φ2 on T
3 by the
equation
d
dt
φt2(p) := (0, 0, 1) + sin(2πθ1)Vm + sin(2πθ2)Vl
= (sin(2πθ1), sin(2πθ2), 1− ρ(m) sin(2πθ1)− ρ(l) sin(2πθ2)).
Then we obtain an FDS3 S2 := (T
3,F , φ2) of type II. Since Vm and Vl are
tangent to F and so (φ˙t1 − φ˙t2)p ∈ TpF for p ∈ M = T 3, we have ωS2 =
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ωS1,ΛS2 = ΛS1 by Lemma 1.12. We see that PS2 consists of the following four
closed orbits

γ1 = {(0, 0, θ) | θ ∈ S1},
γ2 = {(12 , 0, θ) | θ ∈ S1}, γ′2 = {(0, 12 , θ) | θ ∈ S1},
γ3 = {(12 , 12 , θ) | θ ∈ S1},
and that φ2 is of contracting type around γ3. We replace a tubular neighbor-
hood of γ3 by the suspension of the horseshoe map. By Lemma 3.2, we obtain
an FDS3 S = (M,F , φ) of type II such that PS is countably infinite, and
the canonical 1-form ωS and the period group ΛS are same as ωSi and ΛSi
(i = 1, 2), respectively.
Example 3.II.2. Let T 2 := (R/Z)2 be the 2-dimensional torus and let
ϕA : T
2 → T 2 be the linear Anosov diffeomorphism of T 2 defined by the
matrix
A =
(
3 1
2 1
)
.
Then there are two fixed points p1 = (0, 0) and p2 = (
1
2
, 0) of ϕA. For each
pi, we remove pi from T
2 and glue (Tpi(T
2) \ {0})/R+ = S1 on it. Then we
obtain a twice-punctured torus T 2∗ with ∂T
2
∗ = S
1
1 ⊔ S12 , S1i = S1, and the
diffeomorphism ϕ∗A : T
2
∗ → T 2∗ .
LetM∗ =M(T 2∗ , ϕ
∗
A) be the mapping torus of ϕ
∗
A, which has two boundary
components, say T1 and T2, which correspond to p1 and p2, respectively. Let
F∗ = {Lθ}θ∈S1 be the bundle foliation of the fibration̟∗ : M∗ → S1 and let φ∗
be the suspension flow of ϕ∗A. For each i, F∗|Ti defines a foliation on Ti whose
leaves are S1. The 1-form ω∗ := ̟
−1
∗ (dθ) satisfies ω∗|TF∗ = 0, ω∗(φ˙t∗) = 1.
Finally, let λ ∈ R\Q and consider the diffeomorphism ψλ : T1 → T2 defined
by sending Lθ to Lθ+λ. We define M to be the 3-manifold obtained from M
∗
by gluing T1 and T2 via ψλ. In fact, M is a Σ2-bundle over S
1. The foliation
F and the flow φ on M are induced by F∗ and φ∗, and F has a complex
structure. Then any leaf in F is dense in M by the way of the gluing. Thus
we obtain the FDS3 S = (M,F , φ) of type II. Further, since φ comes from the
suspension of the Anosov diffeomorphism, PS is a countably infinite set. The
canonical 1-form ωS is induced by ω∗ and the period group ΛS = Z+ λZ.
III. We construct examples of FDS3’s of type III. This type of FDS3 may
be regarded as an analogue of a number ring Spec(Ok) = Spec(Ok) ∪ P∞k in
the respect that P∞
S
corresponds to the set P∞k of infinite primes of a number
field k (cf. Remark 1.7).
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III-1. We give two examples of FDS3’s of type III-1.
Example 3.III-1.1 (Reeb foliation on S3 and the horseshoe flow). Let M
be the 3-sphere S3. Let M := S3 = V1 ∪ V2 be the Heegaard splitting of genus
one, where Vi is a solid torus D
2 × S1 ([He; Chapter 2]). Consider the Reeb
foliation Fi on each Vi and so the 2-dimensional foliation F on S3 by getting
F1 and F2 together, where any leaf is diffeomorphic to R2 besides the only one
compact leaf L∞ = ∂V1 = ∂V2 ([CC; 1.1], [Ta; §1]). We define the dynamical
system φ as follows.
First, we consider a flow φ1 on M such that any orbit of φ1 is transverse
to leaves in F \ L∞ and φt1(L∞) = L∞ for t ∈ R. Then there is the only one
closed orbit γi = {0} × S1 in each Vi (0 being the center of D2). In fact, the
flow φ1 on Int(Vi) is the suspension flow of a contraction map ϕi : Int(D
2) ∋
z 7→ az ∈ Int(D2) (0 < a < 1) and so φ1 is of contraction type around γi.
Next, we replace the contraction map ϕi by the horseshoe map h and the
flow φ1 around γi by the suspension of h. Let φ be the resulting flow on all
of M . By Lemma 3.2 we have an FDS3 S = (M,F , φ) of type III-1 such that
PS is a countably infinite set and P∞S consists of the only one non-transverse
compact leaf L∞. We have the decomposition of M0 = S
3 \L∞ into connected
components
M0 = Int(V1) ⊔ Int(V2),
and each (Int(Vi),F|Int(Vi)) (i = 1, 2) is the bundle foliation of the Int(D2)-
bundle over S1. By Proposition 2.2.5, the canonical 1-form ωS restricted on
each Int(Vi) is the pull-back of the angular 1-form of S
1 under the fibration,
and so the period group ΛS = Z.
In view of the analogy in arithmetic topology ([Mo; Chapter 3]), the 3-
sphere S3 may be regarded as an analogue of Spec(Z) = Spec(Z)∪P∞Q , where
P∞Q consists of the only one infinite prime of Q.
Example 3.III-1.2 (Open book decomposition). LetM be a closed 3-manifold.
It is known that M contains a fibered link L = K1 ∪ · · · ∪Kr, namely, there
is a fibration ̟ : M \ Int(V (L)) → S1, where Int(V (L)) = ⊔ri=1Int(V (Ki))
is the interior of a tubular neighborhood of L and any fiber of ̟ is a surface
with r boundary components. We have the foliation on M \ Int(V (L)) by
tubularizing the fibers of ̟ around ∂V (L) = ⊔ri=1∂Int(V (Ki)) ([CC; Example
3.3.11]). The structure this induces on M is called an open book decomposition
([Cl; Example 4.11]). We fill in V (L) with the Reeb component to obtain
the foliation F on all of M . We define the flow on M \ Int(V (L)) by the
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suspension of the monodromy ϕ of the fibration ̟. We suppose that ϕ is of
pseudo-Anosov type (for example, this is the case if L is a hyperbolic link).
The flow on Int(V (L)) is defined to be the one transverse to any leaf of the
Reeb foliation. Thus we have an FDS3 S = (M,F , φ) of type III such that
P∞
S
= {∂V (K1), . . . , ∂V (Kr)} and PS is a countably infinite set. We have the
decomposition of M0 = M \ ∂V (L) into connected components
M0 = ⊔ri=1Int(V (Ki)) ⊔ (M \ V (L)).
Here Int(V (Ki)) = R
2 × S1 and F|Int(V (Ki)) is the bundle foliation over S1,
and M \ V (L) is a surface bundle over S1 and F|M\V (L) is also the bundle
foliation over S1. By Proposition 2.2.5, the canonical 1-form ωS restricted on
Int(V (Ki)) or M \V (L) is the pull-back of the angular 1-form of S1 under the
fibration, and so the period group ΛS = Z.
Remark 3.3. Example 3.III-1.2 shows that any closed smooth 3-manifold
M admits a structure of an FDS3 with non-empty P∞
S
. So the notion of an
FDS3 is generic in this sense. Moreover, the fibration ̟ : M \ Int(V (L))→ S1
above induces the surjective homomorphism π1(M \L)→ Z and hence M has
a Z-covering ramified over L. This may be analogous to that any number field
k has a Zl-extension ramified over primes l1, . . . , ln lying above (l), where l is
a prime number.
III-2. We give an example of an FDS3 of type III-2.
Example 3.III-2. Let T 3 := (R/Z)3 = {(θ1, θ2, θ3) | θi ∈ R/Z} be the 3-
dimensional torus and let F = {T 2 ×{θ3}}θ3∈R/Z be the linear foliation which
admits a complex structure. We define the smooth dynamical system φ on T 3
by
d
dt
φt(p) := (cos(2πθ3), 0, sin(2πθ3))
for p = (θ1, θ2, θ3). Then we obtain an FDS
3 (T 3,F , φ) which is equipped with
P∞
S
= {L∞1 , L∞2 }, where
L∞1 := {(θ1, θ2, 0) | θi,∈ R/Z}, L∞2 := {(θ1, θ2,
1
2
) | θi ∈ R/Z}.
We have the decomposition ofM0 := T
3\(L∞1 ∪L∞2 ) into connected components
M0 = X1 ⊔X2,
X1 := {(θ1, θ2, θ3) | θ1, θ2 ∈ R/Z, 0 < θ3 < 12},
X2 := {(θ1, θ2, θ3) | θ1, θ2 ∈ R/Z, 12 < θ3 < 1}.
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Here each Xa (a = 1, 2) is a T
2-bundle over an open interval and F|Xa is the
bundle foliation. The canonical 1-form ωS is given by ωS|Xa = cosec(2πθ3)dθ3
and the period group ΛS = {0} by Proposition 2.2.6D
III-3. Finally, we give an example of an FDS3 of type III-3.
Example 3.III-3. Let T 3 := (R/Z)3 = {(θ1, θ2, θ3) | θi ∈ R/Z}. Fix an ir-
rational number ρ ∈ R \Q. Let ω0 be the smooth 1-form on T 3 defined by
ω0 := sin(2πθ3)(dθ1 + ρdθ2) + dθ3.
Since we see ω0∧dω0 = 0, Ker(ω0) defines the foliation F on T 3 by Frobenius’
theorem (cf. Remark 1.2 (1)). Let φ be the smooth dynamical system defined
by
d
dt
φt1(p) := (1, 0, 0)
for p = (θ1, θ2, θ3). Then we obtain an FDS
3
S1 := (T
3,F , φ1) which is
equipped with P∞
S
= {L∞1 , L∞2 }, where
L∞1 := {(θ1, θ2, 0) | θi,∈ R/Z}, L∞2 := {(θ1, θ2,
1
2
) | θi ∈ R/Z}.
We have the decomposition ofM0 := T
3\(L∞1 ∪L∞2 ) into connected components
M0 = X1 ⊔X2,
X1 := {(θ1, θ2, θ3) | θ1, θ2 ∈ R/Z, 0 < θ3 < 12},
X2 := {(θ1, θ2, θ3) | θ1, θ2 ∈ R/Z, 12 < θ3 < 1}.
Here any leaf of F|Xa is dense in Xa for each a = 1, 2. so S1 is of type III-3.
Let ωS1 be the smooth 1-form defined by
ωS1 := cosec(2πθ3)ω0 = dθ1 + ρdθ2 + cosec(2πθ3)dθ3.
Then we see
Ker(ωS1) = Ker(ω0), ωS(φ˙
t) = 1
and so ωS1 is indeed the canonical 1-form of S1. Let γ
1
a, γ
2
a be closed curves
in Xa defined by
γ1a := {(t, 0,
2a− 1
4
) | t ∈ R/Z}, γ2a := {(0, t,
2a− 1
4
) | t ∈ R/Z}.
Then we see that H1(Xa,Z) is generated by the homology classes of γ
1
a, γ
2
a and
that [ωS]([γ
1
a] = 1, [ωS]([γ
2
a]) = ρ. Hence the period group ΛS is Z + ρZ. For
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this exampleS1, any orbits inM0 is closed and so PS is uncountable. However,
as in Example 3.II.1, we can change φ1 to obtain an FDS
3 having countably
infinitely many closed orbits in M0 as follows. Let V2 := (−ρ, 1, 0), V3 :=
(−1, 0, sin(2πθ3)) be vector fields on T 3 and we consider the smooth dynamical
system φ2 defined by
d
dt
φt2(p) := (1, 0, 0) + sin(2πθ2)V2 + cos(2πθ3)V3
= (1− ρ sin(2πθ2)− cos(2πθ3), sin(2πθ2), 12 sin(4πθ3)).
Then we obtain an FDS3 S2 := (T
3,F , φ2) of type III-3. Since V2 and V3 are
tangent to F and so (φ˙t1 − φ˙t2)p ∈ TpF for p ∈ T 3, we have ωS2 = ωS1,ΛS2 =
ΛS1 by Lemma 1.12. We see that PS2 consists of the following four closed
orbits in M0
γ1 = {(θ1, 0, 14) | θ1 ∈ S1}, γ2 = {(θ1, 0, 34) | θ1 ∈ S1},
γ3 = {(θ1, 12 , 14) | θ1 ∈ S1}, γ4 = {(θ1, 12 , 34) | θ1 ∈ S1},
and that φ2 is of contracting type around γ3 and γ4. We replace a tubular
neighborhood of γ3 or γ4 by the suspension of the horseshoe map. By Lemma
3.2, we obtain an FDS3 S = (M,F , φ) of type III-3 such that PS is countably
infinite, and the canonical form ωS and the period group ΛS are same as ωSi
and ΛSi (i = 1, 2), respectively.
4. Smooth Deligne cohomology and integration theory for FDS3’s
In this section, we recall the theory of smooth Deligne cohomology for an
FDS3 and the integration theory of Deligne cohomology classes. For general
materials on smooth Deligne cohomology, we consult [Br]. For the integration
theory of Deligne cohomology classes, we refer to [Ga], [GT] and [Te].
4.1. Smooth Deligne cohomology. Let S = (M,F , φ) be an FDS3. Let
X be a submanifold of M0 obtained by removing some finitely many closed
orbits.
Let Ai denote the sheaf of C-valued smooth i-forms on X . For example,
an element of A1(U) is given in terms of a foliated local coordinate (z, x) ∈ U
by
f1(z, x)dz + f2(z, x)dz + f3(z, x)dx
where fi(z, x)’s are C-valued smooth functions on U .
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Let Λ be a subgroup of the additive group R. For a non-negative integer
n, we set Λ(n) := (2π
√−1)nΛ.
Definition 4.1.1. Let n be an integer with 1 ≤ n ≤ 3. We define the
smooth Deligne complex Λ(n)D on X by
Λ(n)D : Λ(n)→ A0 d→ A1 d→ · · · d→ An−1,
where Λ(n) is put in degree 0 and d denotes the differential. For an integer
q ≥ 0, the q-th smooth Deligne cohomology group with coefficients in Λ(n)D is
defined to be the q-th hypercohomology group of the complex Λ(n)D , denoted
by Hq
D
(M ; Λ(n)):
Hq
D
(X ; Λ(n)) := Hq(X ; Λ(n)D).
In particular, when Λ is the period group ΛS, we call H
q
D
(X ; ΛS(n)) the FDS
3-
Deligne cohomology groups of S.
We compute the smooth Deligne cohomology groups as Cˇech hypercohomology
groups of an open covering U = {Ua}a∈I of X with coefficients in Λ(n)D
Hq
D
(M ; Λ(n)) = Hq(U ; Λ(n)D),
where the open covering U is taken so that all non-empty intersections Ua0···aj :=
Ua0 ∩ · · · ∩ Uaj are contractible. So a Cˇech cocycle representing an element of
Hn
D
(M ; Λ(n)) is of the form
(λa0...an , θ
0
a0...an−1
, . . . , θn−1a0 ) ∈ Cn(Λ(n))⊕ Cn−1(A0)⊕ · · · ⊕ C0(An−1)
which satisfies the cocycle condition
δ(θ0a0...an−1) + (−1)nλa0...an = 0, δ(θia0...an−1−i) + (−1)n−idθi−1a0...an−i = 0 (i ≥ 1),
where δ is the Cˇech differential with respect to the open covering U .
Example 4.1.2. Let f be an FDS3-meromorphic function on S whose ze-
ros and poles are lying along closed orbits γ1, . . . , γN . Let X := M0. Let loga f
denote a branch of log f on Ua. Then the Cˇech cocycle
(na0a1 , loga0 f), na0a1 = (δ log f)a0a1 ∈ Z(1)
determines the cohomology class of H1
D
(X ;Z(1)), by which we denote c(f).
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Example 4.1.3. Let ωS be the canonical 1-form of S (cf. Definition 1.11).
Fix a base point p0 ∈ X . For each Ua(a ∈ I), we choose a point pa ∈ Ua and
a path γa in Ua from p0 to pa. For p ∈ Ua, we set
fωS,a(p) := 2π
√−1
∫
γp·γa
ωS,
where γp is a path from pa to p inside Ua. Since Ua is contractible and ωS is
closed, fωS,a is a smooth function on Ua which is independent of the choice of
γp. Then the Cˇech cocycle
(λa0a1 , fωS,a0), λa0a1 = (δfωS)a0a1 ∈ ΛS(1)
defines the cohomology class of H1
D
(X ; ΛS(1)), by which we denote c(ωS). The
class c(ωS) is independent of the choices of pa, γa and γp. In fact, let p
′
a, γ
′
a and
γ′p be different choices of a point in Ua, a path from p0 to p
′
a and a path from
p′a to p, respectively, and let f
′
ωS
and λ′a0a1 be defined as above using p
′
a, γ
′
a and
γ′p. Since df
′
ωS,a
= dfωS,a = ωS, f
′
ωS,a
− fωS,a = λa is a constant on Ua. Then
we have
λa = f
′
ωS,a
(p)− fωS,a(p) = 2π
√−1
∫
(γp·γa)−1·(γ′p·γ
′
a)
ωS ∈ ΛS(1)
and
λ′a0a1 − λa0a1 = (δf ′ωS)a0a1 − (δf ′ωS)a0a1
= f ′ωS,a1
− f ′ωS,a0 − (fωS,a1 − fωS,a0 )
= (f ′ωS,a1
− fωS,a1 )− (f ′ωS,a0 − fωS,a0 )
= λa1 − λa0
= δ(λ)a0a1
and hence c(ωS) is independent of the choices of pa, γa and γp, but, it depends
on the choice of p0.
Definition 4.1.4. For 1 ≤ n ≤ 3, we define the n-curvature homomorphim
Ω : HnD(X ; Λ(n)) −→ An(X)
by
Ω(c)|Ua := dθn−1a
for c = [(λa0...an , . . . , θ
n−1
a0
)].
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When Λ is a subring of R, the smooth Deligne cohomology groups are
equipped with the cup product, which is induced by the product on the smooth
Deligne complexes
(4.1.5) Λ(n)D ⊗ Λ(n′)D −→ Λ(n+ n′)D
defined by
(4.1.6) x ∪ y =


xy deg(x) = 0,
x ∧ dy deg(x) > 0 and deg(y) = n′,
0 otherwise.
For our purpose, we extend the product (4.1.5) for the case where Λ is a subring
of R and Λ′ is a Λ-submodule of R as follows. Namely, by the same formula
as in (4.1.6), we have the product
Λ(n)D ⊗ Λ′(n′)D −→ Λ′(n+ n′)D
which induces the cup product on the smooth Deligne cohomology groups
(4.1.7) HnD(X ; Λ(n))⊗Hn
′
D (X ; Λ
′(n′)) −→ Hn+n′
D
(X ; Λ′(n+ n′)).
4.2. Integration theory. As in the subsection 4.1, let S = (M,F , φ)
be an FDS3 and let X be a submanifold of M0 obtained by removing some
finitely many closed orbits. Let n be an integer with 1 ≤ n ≤ 3, and let
c ∈ Hn
D
(X ; Λ(n)). Let Y be an (n − 1)-dimesnional closed submanifold of X .
We shall define a paring
∫
Y
c, which takes values in C mod Λ(n), as follows.
First, we fix an open covering U = {Ua}a∈I of X such that all non-empty
intersections Ua0···aj := Ua0 ∩ · · · ∩ Uaj are contractible and choose a Cˇech
representative cocycle (λa0...an , θ
0
a0...an−1 , . . . , θ
n−1
a0 ) of c. Second, we choose a
smooth finite triangulation K = {σ} of Y and an index map ι : K → I
satisfying σ ⊂ Uι(σ). For i = 0, . . . , n − 1, we define the set FK(i) of flags of
simplices
(4.2.1)
FK(i) := {~σ = (σn−1−i, . . . , σn−1) | σj ∈ K, dim σj = j, σn−1−i ⊂ · · · ⊂ σn−1}.
Then, we define the integral of c over Y by
(4.2.2)
∫
Y
c :=
n−1∑
i=0
∑
~σ∈FK(i)
∫
σn−1−i
θn−1−i
ι(σn−1)ι(σn−2)...ι(σn−1−i)
mod Λ(n),
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which is proved to be independent of all choices ([GT; Theorem 3.4 (i)]).
The following Stokes-type formula was shown by Gawedzki ([Ga]) when Y
is 2-dimensional. We refer to [GT] and [Te] for more general statements and
proofs.
Theorem 4.2.3 (cf. [Ga], [GT; Theorem 3.4 (ii)], [Te; Proposition 5.5]).
If there is an n-dimensional submanifold Z of X whose boundary is ∂Z = Y ,
we have ∫
Y
c =
∫
Z
Ω(c) mod Λ(n).
5. Local symbols and Hilbert type reciprocity law
In this section, we introduce a local symbol by using the integral of a cer-
tain FDS-Deligne cohomology class along a torus and show the Hilbert type
reciprocity law.
5.1. Local symbols. Let S = (M,F , φ) be an FDS3. Let f and g be FDS3-
meromorphic functions on S whose zeros and poles lie along γ1, . . . , γN ∈ PS.
We set X := M0 \∪Ni=1γi. For γ ∈ PS, let V (γ) denote a tubular neighborhood
of γ and we denote by T (γ) the boundary of V (γ).
As in Examples 4.1.2, we have the smooth Deligne cohomology classes
c(f) = [(ma0a1 , loga0 f)], c(g) = [(na0a1 , loga0 g)] ∈ H1D(X ;Z(1))
and, as in Example 4.1.3, we have the FDS3-Deligne cohomology class
c(ωS) = [(λa0a1 , fωS ,a0)] ∈ H1D(X ; ΛS(1)).
By the product in (4.1.7) applied to the case that Λ = Z and Λ′ = ΛS, we
have the 3rd FDS3-Deligne cohomology class
c(f) ∪ c(g) ∪ c(ωS) ∈ H3D(X ; ΛS(3)).
Definition 5.1.1. We define the local symbol 〈f, g〉γ of f, g along γ by
〈f, g〉γ :=
∫
T (γ)
c(f) ∪ c(g) ∪ c(ωS) mod ΛS(3).
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We note that the integral of the r.h.s. is finite since T (γ) is compact and that
it is independent of a choice of V (γ) by the Stokes theorem.
Theorem 5.1.2. Notations being as above, the FDS3-Deligne cohomology
class c(f) ∪ c(g) ∪ c(ωS) is represented by the Cˇech cocycle
(ma0a1na1a2λa2a3 , ma0a1na1a2fωS,a0a1a2 , ma0a1 loga1 g ωS, loga0 fd log g ∧ ωS).
For γ ∈ PS, the local symbol 〈f, g〉γ is given by
〈f, g〉γ =
∫
T (γ)
log(f)d log(g) ∧ ωS +
∫
m
d log(f)
∫
l
log(g)ωS mod ΛS(3),
where m and l denote a meridian and longitude on T (γ), respectively.
Proof. The first assertion follows from the definition (4.1.6) of the cup product
on Deligne cohomology groups. We set for simplicity

θ0a0a1a2 = ma0a1na1a2fωS,a0a1a2 ,
θ1a0a1 = ma0a1 loga1 g ωS,
θ2a0 = loga0 fd log g ∧ ωS.
To prove the second formula for the local symbol, we make suitable choices
of a triangulation K of T (γ), an open covering U , representatives of Deligne
cohomology classes c(f), c(g), c(ωS), and the index map ι. First, let K = {σ}
be a triangulation of the 2-dimensional torus T (γ) by eighteen triangles as in
the following figure:
l
m
We choose an open covering U = {Ua}a∈I of X such that nine Ua’s in U
cover T (γ) and are indexed, as in the following figure
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U1,1 U1,2 U1,3
U2,1 U2,2 U2,3
U3,1 U3,2 U3,3
We define the index map ι : K → I in the manner that one vertex, three
edges and two triangles in Ua are sent to a ∈ I as in the following figure:
e1
e3e2
v
Ua
σ
σ
′


v
e1, e2, e3 7→ a
σ, σ
′
We choose the representatives of c(f), c(g) and c(ωS) as follows:
c(f) = [(ma0a1 , loga0 f)], ma0a1 = (δ log f)a0a1
ma0a1 =


∫
m
d log f · · · a0 = (3, i), a1 = (1, j)
−
∫
m
d log f · · · a0 = (1, i), a1 = (3, j)
0 · · · otherwise,
c(g) = [(na0a1 , loga0 g)], na0a1 = (δ log g)a0a1
na0a1 =


∫
m
d log g · · · a0 = (3, i), a1 = (1, j)
−
∫
m
d log g · · · a0 = (1, i), a1 = (3, j)
0 · · · otherwise,
c(ωS) = [(λa0a1 , f
ωS
a0
)], λa0a1 = (δfωS)a0a1
λa0a1 =


∫
l
ωS · · · a0 = (i, 3), a1 = (j, 1)
−
∫
l
ωS · · · a0 = (i, 1), a1 = (j, 3)
0 · · · otherwise,
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where i, j ∈ {1, 2, 3}.
Let FK(i) be the set of flags of simplices for i = 0, 1, 2 as in (4.2.1). By
(4.2.2) and Definition 5.1.1, we have
(5.1.2.1)
〈f, g〉γ =
∑
~σ∈FK(0)
∫
σ2
θ2ι(σ2)
+
∑
~σ∈FK(1)
∫
σ1
θ1ι(σ2)ι(σ1)
+
∑
~σ∈FK(2)
∫
σ0
θ0ι(σ2)ι(σ1)ι(σ0).
For the 1st term of the r.h.s. of (5.1.2.1), we have
(5.1.2.2)
∑
~σ∈FK(0)
∫
σ2
θ2ι(σ2) =
∑
a∈I
∑
σ2⊂Ua
∫
σ2
loga fd log g ∧ ωS
=
∫
T (γ)
log fd log g ∧ ωS.
For the 2nd term of the r.h.s. of (5.1.2.1), we note that mι(σ2)ι(σ1) = 0 unless
(ι(σ2), ι(σ1)) = ((3, i), (1, i)) for i = 1, 2, 3, by our choices ofmab’s and ι. Hence
we have
(5.1.2.3)
∑
~σ∈FK(1)
∫
σ1
θ1ι(σ2)ι(σ1) =
∑
a∈I
∑
σ1⊂σ2⊂Ua
∫
σ1
mι(σ2)ι(σ1) logι(σ1) g ωS
=
3∑
i=1
∑
ι(σ1)⊂U3,i
∫
σ1
m(3,i)(1,i) logι(σ1) g ωS
=
∫
m
d log f
∫
l
log g ωS.
For the 3rd term of the r.h.s. of (5.1.2.1), we note that mι(σ2)ι(σ1)nι(σ1)ι(σ0) = 0
for any flags, by our choices of mab’s, nab’s and ι. Hence we have
(5.1.2.4)
∑
~σ∈FK(2)
∫
σ0
θ0ι(σ2)ι(σ1)ι(σ0) = 0.
Getting (5.1.2.2) ∼ (5.1.2.4) together, we obtain the second formula for 〈f, g〉γ.

Remark 5.1.3. (1) Brylinski and McLaughlin showed a formula for the holon-
omy of a certain gerbe along a torus ([BM; Theorem 3.6]). We note that their
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formula has a form similar to ours above and that their method of the com-
putation is different from ours.
(2) Bloch pointed out to us that the formula in Theorem 5.1.2 has a form simi-
lar to a formula for the regulator of an elliptic curve (cf. [Be; 4.2], [DW; 1.10])).
5.2. Hilbert type reciprocity law. We keep the same notations as in
the subsection 5.1. We show a geometric analogue for our local symbol of the
reciprocity law for the Hilbert symbol in a global field.
Theorem 5.2.1. We have∑
γ∈PS
〈f, g〉γ = 0 mod ΛS(3).
Proof. We set Z := X \ (∪ri=1V (γ∞i ) ∪ ∪Ni=1V (γi)). Noting ∂Z = ∪ri=1T (γ∞i ) ∪
∪Ni=1T (γi), we have, by Theorem 4.2.3,∑
γ∈PS
〈f, g〉γ =
r∑
i=1
〈f, g〉γ∞i +
N∑
i=1
〈f, g〉γi
=
r∑
i=1
∫
T (γ∞i )
c(f) ∪ c(g) ∪ c(ωS)
+
N∑
i=1
∫
T (γi)
c(f) ∪ c(g) ∪ c(ωS) mod ΛS(3)
=
∫
∂Z
c(f) ∪ c(g) ∪ c(ωS) mod ΛS(3)
=
∫
Z
Ω(c(f) ∪ c(g) ∪ c(ωS)) mod ΛS(3).
By Definition 4.1.4 and Theorem 5.1.2, we have
Ω(c(f) ∪ c(g) ∪ c(ωS))|Ua = d(loga fd log g ∧ ωS).
Taking a foliated local coordinate (z, x) on Ua, we have
d(loga fd log g ∧ ωS) = d(loga fd log g) ∧ ωS (since ωS is closed)
= d log f ∧ d log g ∧ ωS
= (
fz
f
dz +
fx
f
dx) ∧ (gz
g
dz +
gx
g
dx) ∧ ωS
(since log f, log g are holomorphic on Ua)
=
fzgx − fxgz
fg
dz ∧ dx ∧ ωS
= 0 (by ωS = h(x)dx)
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and hence the assertion follows. 
Remark 5.2.2. (1) Our method to introduce local symbols and to show
the reciprocity law may be regarded as a generalization to an FDS3 of Deligne,
Bloch and Beilinson’s interpretation of the tame symbol on a Riemann surface
using the holomorphic Deligne cohomology ([Be], [Bl], [Dl]).
(2) It would be interesting to generalize our local symbol to multiple symbols
〈f1, . . . , fn〉γ for several FDS3-meromorphic functions fi’s by using the Massey
products in the smooth Deligne cohomology and the iterated integrals, as the
tame symbol on a Riemann surface was generalized to polysymbols in [MT].
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